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Abstract
We introduce higher-dimensional analogs of Kazhdan projections in
matrix algebras over group C∗-algebras and Roe algebras. These projec-
tions are constructed in the framework of cohomology with coefficients
in unitary representations and in certain cases give rise to non-trivial
K-theory classes. We apply the higher Kazhdan projections to estab-
lish a relation between ℓ2-Betti numbers of a group and surjectivity of
different Baum-Connes type assembly maps.
Kazhdan projections are certain idempotents whose existence in the max-
imal group C∗-algebra C∗max(G) of a group G characterizes Kazhdan’s prop-
erty (T) for G. They have found an important application in higher index
theory, as the non-zero K -theory class represented by a Kazhdan projection
in K0(C
∗
max(G)) obstructs the Dirac-dual Dirac method of proving the Baum-
Connes conjecture. This idea has been used effectively in the coarse setting
[15, 16], where Kazhdan projections were used to construct counterexamples
to the coarse Baum-Connes conjecture and to the Baum-Connes conjecture
with coefficients. However, Kazhdan projections related to property (T) are
not applicable to the classical Baum-Connes conjecture, as the image of a
Kazhdan projection in the reduced group C∗-algebra vanishes for any infi-
nite group.
The goal of this work is to introduce higher-dimensional analogs of Kazh-
dan projections with the motivation of applying them to the K -theory of group
C∗-algebra and to higher index theory. These higher Kazhdan projections are
defined in the context of higher cohomology with coefficients in unitary repre-
sentations and they are elements of matrix algebras over group C∗-algebras.
Their defining feature is that their image in certain unitary representations
is the orthogonal projection onto the harmonic n-cochains. We show that the
1
higher Kazhdan projections exist in many natural cases and that they are
non-zero.
We then investigate the classes represented by higher Kazhdan projec-
tion in the K -theory of group C∗-algebras. This is done by establishing a
connection between the properties of the introduced projections and ℓ2-Betti
numbers of the group. In particular, we can conclude that the higher Kazh-
dan projections over the reduced group C∗-algebra can be non-zero and can
give rise to non-zero K -theory classes in K0(C
∗
r (G)).
To present the connections between the existence of higher Kazhdan pro-
jections and ℓ2-invariants recall that given a finitely generated group G the
subring ΛG ⊆ Q is generated from Z by adjoining inverses of all orders of
finite subgroups, as in [19, Theorem 0.3]. The cohomological Laplacian in
degree n can be represented by a matrix with coefficients in the group ring
RG, denoted ∆n. In the case of the regular representation λ and the reduced
group C∗-algebra C∗r (G) the operator ∆n ∈ Mk(C
∗
r (G)) is the cohomological
Laplacian in degree n in the ℓ2-cohomology of G. We will say that ∆n has a
spectral gap in a chosen completion of Mn(CG) if its spectrum is contained
in {0}∪ [ǫ,∞) for some ǫ > 0. Recall that a group G is of type Fn if it has
an Eilenberg-MacLane space with a finite n-skeleton. Denote by k = kn the
number of simplices in the chosen model of the Eilenberg-MacLane space.
Let βn
(2)
(G) denote the n-th ℓ2-Betti number of G. The following is a con-
sequence of the existence of spectral gap for the Laplacian and [19].
Proposition 1. Let G be of type Fn+1. Assume∆n ∈Mkn (C
∗
r (G)) has a spectral
gap. If the Baum-Connes assembly map KG
0
(EG)→ K0(C
∗
r (G)) is surjective
then
βn(2)(G)∈Λ
G .
In particular, if G is torsion-free then βn
(2)
(G)∈Z.
The above theorem illustrates a possible strategy for finding counterex-
amples to the Baum-Connes conjecture: a group G of type Fn+1 such that
βn
(2)
(G) ∉ΛG (in particular, if β
n
(2)
(G) is irrational) with 0 isolated in the spec-
trum of ∆n will not satisfy the Baum-Connes conjecture; more precisely, the
Baum-Connes assembly map for G will not be surjective. We refer to [12, 27]
for an overview of the Baum-Connes conjecture.
Our primary application is the construction of classes in the K -theory
of the Roe algebra of a box space of a residually finite group G and their
relation to the Lück approximation theorem. Let {Ni} be a family of finite
index normal subgroups of a residually finite group G, satisfying
⋂
Ni = {e}.
Let λi denote the associated quasi-regular representation of G on ℓ2(G/Ni)
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and consider the family N = {λ,λ1,λ2, . . .} of unitary representations of G.
The C∗-algebra C∗
N
(G) is the completion of the group ring CG with respect to
the norm induced by the family N (see Section 1.1 for a precise definition).
We will denote by βn(G) = dimCH
n(G,C) the standard n-th Betti number of
G.
Theorem 2. Let G be an exact, residually finite group of type Fn+1 and let
{Ni} and N be as above. Assume that ∆n ∈Mkn (C
∗
N
(G)) has a spectral gap
and that the the coarse Baum-Connes assembly map KX0(Y )→K0(C
∗(Y )) for
the box space Y =
∐
G/Ni of G is surjective. Then∣∣∣βn(2)(Ni)−βn(Ni)∣∣∣→ 0.
Note that the conclusion of the above theorem in fact concerns the speed
of convergence in Lück’s approximation theorem [18]. Indeed, the expression
in the formula in the above theorem can be rewritten as
[G :Ni]
∣∣∣∣βn(2)(G)− βn(Ni)[G :Ni]
∣∣∣∣→ 0,
where the absolute value approaches 0 due to the Lück approximation theo-
rem. Theorem 2 thus forces the absolute value to converge to 0 faster than
the index [G : Ni]. On the other hand, as shown in [22, Theorem 5.1] there
are examples where the speed of convergence of βn(Ni)/[G :Ni] to β
n
(2)
(G) can
be as slow as needed.
Theorem 2 provides new strategies for contradicting the coarse Baum-
Connes conjecture. It is an important open question wether there exist such
counterexamples that do not contain expander graphs.
However, it is also natural to conjecture that Theorem 2 could also lead to
new counterexamples to the Baum-Connes conjecture with coefficients by em-
bedding a counterexample to the coarse Baum-Connes conjecture, obtained
through Theorem 2, isometrically into a finitely generated group, as in [23].
Such constructions could lead to new counterexample to the Baum-Connes
conjecture with coefficients, by applying arguments similar to the ones in
[16].
We remark that algebraic conditions implying the existence of gaps in
the spectrum of the operators arising from the cochain complexes with coef-
ficients in unitary representations were recently provided in [4]. Those con-
ditions involve writing the elements (∆+n −λ∆
+
n )∆
+
n and (∆
−
n −λ∆
−
n )∆
−
n , where
∆
+
n = d
∗
ndn and ∆
−
n = dn−1d
∗
n−1 are matrices over RG and the two summands
of the Laplacian, as sums of squares in Mn(RG). Such conditions can be veri-
fied using computational methods.
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1 Higher Kazhdan projections
Recall that a group has type Fn if it admits an Eilenberg-MacLane space
K (G,1) with a finite n-skeleton. The condition F1 is equivalent to G being
finitely generated, and F2 is equivalent to G having a finite presentation.
1.1 Kazhdan projections related to property (T)
We begin with revisiting the classical notion of Kazhdan projections in the
context of property (T). Let G be a finitely generated group with S = S−1 a
fixed generating set. The real (respectively, complex) group ring of G will be
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denoted by RG (respectively, CG). Consider a family F of unitary represen-
tations and let the associated group C∗-algebra be the completion
C∗
F
(G)=CG
‖·‖F
,
where
‖ f ‖F = sup
π∈F
‖π( f )‖.
We will always assume that F is a faithful family (i.e. for every 0 , f ∈ CG
we have π( f ) , 0 for some π ∈ F ) to ensure ‖ · ‖F is a norm. In particular,
we obtain the maximal group C∗-algebra C∗max(G) if F is the family of all
unitary representations, and the reduced group C∗-algebra C∗r (G) if F = {λ},
where λ is the left regular representation.
The following is a classical characterization of property (T) for G due to
Akemann and Walter [1]. We will use this characterization as a definition
and refer to [5] for a comprehensive overview of property (T).
Theorem 3 (Akemann-Walter [1]). The group G has property (T) if and only
if there exists a projection p0 = p
∗
0 = p
2
0 ∈C
∗
max(G) with the property that for ev-
ery unitary representation π of G the image π(p0) is the orthogonal projection
onto the subspace of invariant vectors of π.
See e.g. [17, Section 3.7] and [10] for a broader discussion of Kazhdan
projections. We will now interpret Kazhdan projections in the setting of group
cohomology. Let π be a unitary representation of G on a Hilbert space H .
Denote by d0 the #S×1 matrix  1− s1...
1− sn
 ,
where s i runs through the elements of S, with coefficients in RG and the
Laplacian ∆0 ∈RG is
∆0 = d
∗
0d0 = 2
(
#S−
∑
s∈S
s
)
∈RG.
For any unitary representation π of G on a Hilbert space H we have
kerπ(∆0)= kerπ(d0)=H
π,
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where H π ⊆H denotes the closed subspace of invariant vectors of π. Note
also that the same space can be interpreted as reduced1 cohomology in degree
0:
kerπ(∆0)=H
π
≃H
0
(G,π).
The image π(p0) of the Kazhdan projection is the orthogonal projection
C0(G,π)−−−−−−−−−−−→
π(p0)
kerπ(∆0).
The Kazhdan projection p0 exists in C
∗
F
(G) if and only if π(∆0) has a uniform
spectral gap for all π ∈F . The projection p0 is non-zero if at least one π ∈F
has a non-zero invariant vector.
1.2 Kazhdan projections in higher dergee
We will now discuss a generalization of Kazhdan projections in the setting of
higher group cohomology. Let G be a group of type Fn+1 with a chosen model
X of K (G,1) with finite n+1-skeleton.
As in [4] we can consider the cochain complex for cohomology of G with
coefficients in π, where
Cn(G,π)=
{
f : X (n)→H
}
,
ByMm×m′(RG)=Mm×m′⊗RG we denote the space of m×m
′ matrices with
coefficients in the group ring RG. When m =m′ the resulting algebra is de-
noted by Mm(RG). The codifferentials can be represented by elements
dn ∈Mkn+1×kn (RG),
where ki denotes the number of i-simplices in X , in the sense that for every
unitary representation π the codifferential is given by the operator
π(dn) :C
n(G,π)→Cn+1(G,π),
where π is applied to an element of Mm×m′(C
∗
F
(G)) entry-wise; see e.g. [3,4].
The Laplacian element in degree n is defined to be
∆n = d
∗
ndn+dn−1d
∗
n−1 ∈Mkn (RG),
1Recall that in a setting where the cochain spaces in a cochain complex Cn −−−−→
dn
Cn+1 are
equipped with a Banach space structure the corresponding reduced cohomology is defined as
the quotient H
n
= kerdn /imdn−1, where imdn−1 is the closure of the image of the codifferen-
tial dn−1. Cohomology is said to be reduced in degree n if H
n
=Hn.
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and we denote the two summands by
∆
+
n = d
∗
ndn, ∆
−
n = dn−1d
∗
n−1,
as in [4]. In particular, ∆n, ∆
+
n , and ∆
−
n are elements of any completion of
Mkn (RG) such as Mkn (C
∗
max(G)) or Mkn (C
∗
r (G)).
For a unitary representation π of G we can now consider the operator
π(∆n). The kernel of π(∆n) is the space of harmonic n-cochains for π, and we
have the standard Hodge-de Rham isomorphism
kerπ(∆n)≃H
n
(G,π),
between that kernel and the reduced cohomology of G with coefficients in π
(see e.g. [4, Section 3]).
Similarly, the kernel of the projection π(∆+n ) are the n-cocycles for π, and
the kernel of π(∆−n) are the n-cycles.
Definition 4 (Higher Kazhdan projections). A Kazhdan projection in de-
gree n is a projection pn = p
∗
n = p
2
n ∈ Mkn (C
∗
F
(G)) such that for every uni-
tary representation π ∈ F the projection π(pn) is the orthogonal projection
Cn(G,π)→ kerπ(∆n).
A partial Kazhdan projection in degree n is a projection p+n , p
−
n ∈Mkn (C
∗
F
(G)),
such that for every unitary representation π ∈F the projection π(p+n) (respec-
tively, π(p−n)) is the orthogonal projection onto the kernel of π(dn) (respectively,
onto the kernel of π(d∗
n−1
)).
In degree 0 and when F is the family of all unitary representations the
projection p0 ∈ C
∗
max(G) is the classical Kazhdan projection. Clearly, pn is
non-zero if and only if for at least one π ∈F we have π(pn), 0.
From now on we will shorten the subscript kn, denoting the number of n-
simplices in the chosen K (G,1), to k, as the dimension will be clear from the
context. Similarly as in the case of property (T), higher Kazhdan projections
exist in the presence of a spectral gap.
Proposition 5. Assume that ∆n ∈ Mk(C
∗
F
(G)) (respectively, ∆+n , ∆
−
n ) has a
spectral gap. Then the Kazdhan projection pn (respectively, the partial Kazh-
dan projections p+n, p
−
n) exist in the C
∗-algebraMkn (C
∗
F
(G)).
Proof. By assumption, the spectrum of ∆n satisfies
σ(π(∆n))⊆ {0}∪ [ǫ,∞)
for every unitary representation π ∈F and some ǫ> 0. In particular, σ(∆n)⊆
{0}∪ [ǫ,∞) when ∆n is viewed as an element of Mk(C
∗
F
(G)).
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Due to the presence of the spectral gap we can apply continuous func-
tional calculus and conclude that the limit of the heat semigroup
lim
t→∞
e−t∆n
is the spectral projection pn ∈Mk(C
∗
F
(G)). By construction, pn has the re-
quired properties.
The proof for the partial projections is analogous. 
Note that the fact that the spectrum of ∆n ∈Mk(C
∗
F
(G)) has a gap implies
that both ∆+n and ∆
−
n also have spectral gaps and in particular all three higher
Kazhdan projections exist in Mk(C
∗
F
(G)). We have the following decomposi-
tion for higher Kazhdan projections.
Lemma 6. Assume that ∆n ∈Mk(C
∗
F
(G)) has a spectral gap. Then
pn = p
+
n p
−
n.
Proof. It suffices to notice that ∆+n and ∆
−
n commute inMk(C
∗
F
(G)) and satisfy
∆
+
n∆
−
n =∆
−
n∆
+
n = 0,
using the property that didi−1 = 0 for every i ∈ N. Consequently, the cor-
responding spectral projections commute and their product is the projection
onto the intersections of their kernels, which is precisely the kernel of ∆n. 
1.3 K -theory classes - a special case
In this section we consider the case when F = {λ}, where λ is the left regular
representation of G on ℓ2(G) and C
∗
F
(G) = C∗r (G) is the reduced group C
∗-
algebra of G. We refer to [17, 27] for background on K -theory and assembly
maps.
The projection pn ∈Mk(C
∗
r (G)) exists if λ(∆n) has a spectral gap at 0. In
this case the kernel of the Laplacian λ(∆n) is isomorphic to the reduced ℓ2-
cohomology of G:
kerλ(∆n)≃ ℓ2H
n
(G)≃ kerλ(dn)
/
imλ(dn−1),
and it is non-trivial if and only the n-th ℓ2-Betti number β
n
(2)
(G) is non-zero.
The projection pn ∈Mk(C
∗
r (G)) gives rise to a K -theory class [pn] ∈K0(C
∗
r (G)).
We are interested in the properties of the classes defined by the higher Kazh-
dan projections [pn] ∈K0(C
∗
r (G)).
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Recall that the canonical trace τG on C
∗
r (G) is given by
τG(α)= 〈αδe,δe〉,
where δe ∈ ℓ2(G) is the Dirac delta at the identity element e ∈G. For an ele-
ment α ∈CG we have τ(α)=α(e). The induced trace on Mk(C
∗
r (G)) is defined
as
τk,G
(
(a i j)
)
=
k∑
i=1
τG(a ii),
and there is an induced map
τ∗ :K0(C
∗
r (G))→R
defined by τ∗([p])= τk,G(p), for a class represented by a projection p ∈Mk(C
∗
r (G)).
Proposition 7. Assume that ∆n has a spectral gap in Mk(C
∗
r (G)). Then
τ∗([pn])=β
n
(2)(G).
In particular, if βn
(2)
(G), 0 then [pn], 0 in K0(C
∗
r (G)).
Proof. By definition, the n-th ℓ2 Betti number of G is the von Neumann di-
mension (over the group von Neumann algebra L(G)) of the orthogonal projec-
tion onto the kernel of the Laplacian. Under our assumptions the projection
is now an element of the smaller algebraMk(C
∗
r (G))⊆Mk(L(G)) and
βn(2)(G)= τk,G(pn).
Therefore, the induced trace on the group K0(C
∗
r (G)) satisfies τ∗([pn])=β
n
(2)
(G),
as claimed 
A similar argument shows non-vanishing of the classes represented by
the partial projections.
Proposition 8. Assume that 0 is isolated in the spectrum of ∆+n (respectively,
∆
−
n ) in Mk(C
∗
r (G)). If β
n
(2)
(G) , 0 then [pn+] , 0 (respectively, [p
−
n] , 0) in
K0(C
∗
r (G)).
Proof. By assumption p+n exists in Mk(C
∗
r (G)) and pn exists in Mk(L(G))
and we will compare the values of the trace over the latter algebra. Since
τk,G(pn), 0 and
im(pn)⊆ im(p
+
n)
by monotonicity of the von Neumann dimension over L(G) we have
τk,G(p
+
n)≥ τk,G(pn)> 0.
Consequently τ∗([p
+
n]), 0 in K0(C
∗
r (G)). 
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1.4 The Baum-Connes assembly map
The Baum-Connes assembly map is the map
µi :K
G
i (EG)→K i(C
∗
r (G)),
i = 0,1. The trace conjecture of Baum and Connes and the modified trace
conjecture by Lück [19] predict the range of the composition τ∗ ◦µ0. In par-
ticular, the modified trace conjecture, formulated and proved by Lück [19],
states that τ∗ ◦µi takes values in a subring Λ
G ⊆ Q, generated from Z by
adjoining the inverses of cardinalities of finite subgroups.
Theorem 9 (Lück [19, Theorem 0.3]). If the Baum-Connes assembly map is
surjective then the composition τ∗ ◦µ0 takes values in the ring Λ
G ⊆Q.
We can now state the relation between the Baum-Connes conjecture and
ℓ2-Betti numbers.
Proposition 1. Let G be of type Fn+1. Assume that 0 is isolated in the
spectrum of ∆n ∈Mk(C
∗
r (G)). If the Baum-Connes assembly map K
G
0
(EG)→
K0(C
∗
r (G)) is surjective then
βn(2)(G)∈Λ
G .
In particular, if G is torsion-free then βn
(2)
(G)∈Z.
Remark 10 (The Euler class). Consider an infinite groupG such that K (G,1)
can be chosen to be a finite complex. Assume that λ(∆n) has a spectral gap
in Mk(C
∗
r (G)) for every n≥0 (in particular,G is non-amenable). Then we can
define the Euler class
Ξ(G)=
∑
i≥0
(−1)i[p i]
in the K -theory K0(C
∗
r (G)). We have that
τ∗(Ξ(G))= χ(2)(G)
is the ℓ2-Euler characteristic of the chosen K (G,1).
Atiyah’s L2-index theorem associates the L2-index, analogous to the Fred-
holm index but defined via the trace on the von Neumann algebra, to a lift
D˜ of an elliptic operator D on a compact manifold M to the universal cover
of M. Loosely speaking, in the presence of the spectral gap the L2-indices of
certain operators appearing in the Atiyah L2-index theorem are in fact traces
of their Baum-Connes indices.
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1.5 Examples
In case of an infinite group G the projection λ(p0) ∈ C
∗
r (G) is always 0 since
the kernel of λ(∆0) consists precisely of constant functions in ℓ2(G).
We will now discuss certain cases in which higher Kazhdan projections
exist. We will use the following fact, which is a reformulation of [4, Proposi-
tion 16, 2) and 3)]
Lemma 11. Let π be a unitary representation of G. The Laplacian π(∆n) has
a spectral gap around 0 if and only if the cohomology groups Hn(G,π) and
Hn+1(G,π) are both reduced.
Sketch of proof. Using the notation of [4], given a cochain complex
· · · →Cn−1→Cn→Cn+1→ . . . ,
where the Cn have Hilbert space structures and the codifferentials dn :C
n→
Cn+1 are bounded operators, we have ∆n = d
∗
ndn+ dn−1d
∗
n−1. We have an
orthogonal decomposition
Cn =C+n ⊕ker∆n⊕C
−
n ,
where C−n = kerdn∩ker(d
∗
n−1)
⊥ and C+n = kerd
∗
n−1∩ (kerd
∗
n)
⊥. Then the re-
stritictions of d∗ndn and of dn−1d
∗
n−1
are invertible on C+n and C
−
n , respectively
if and only if the cohomology groups Hn and Hn+1 are reduced [4]. Clearly,
the first condition is equivalent to the fact that 0 is isolated in the spectrum
of the Laplacian ∆n. 
1.5.1 Free groups
Consider the free group Fn on n ≥ 2 generators. The standard Eilenberg-
MacLane space K (Fn,1) is the wedge
∨
nS
1 of n circles, whose universal
cover is the tree, the Cayley graph of Fn. Then for Fn the projection p1 ∈
Mk(C
∗
r (Fn)) exists and gives rise to a non-zero class in K -theory C
∗
r (Fn).
Indeed, since for n ≥ 2, the free group Fn is non-amenable we have that
the ℓ2-cohomology is reduced in degree 1 (i.e., the range of the codifferential
into the 1-cochains is closed). Since K (Fn,1) is 1-dimensional, the cohomology
in degree 2 is reduced as there are no 2-cochains. We thus have d1 = 0, p
+
1
= I
and p1 = p
−
1
. These facts together with lemma 11 imply that the cohomologi-
cal Laplacian ∆1 in degree 1 has a spectral gap.
The ℓ2-Betti number of a free group Fn on n generators is
β1(2)(Fn)= n−1.
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By the previous discussion,
[p1], 0 in K0(C
∗
r (Fn)).
Moreover, we can identify precisely the class of p1 in the K -theory group.
Indeed, K0(C
∗
r (Fn)) is isomorphic to Z and generated by 1 ∈ C
∗
r (Fn). Because
of this the value of the trace determines the class of p1 to be
[p1]= n−1 ∈ Z≃K0(C
∗
r (Fn)).
The corresponding Euler class (see Remark 10) in K0(C
∗
r (Fn)) is given by
Ξ(Fn)= [p0]− [p1]=−[p1].
More generally, the argument used in the above example together with [2,
Corollary 4.8] gives the following.
Corollary 12. Let G be a finitely presented group with infinitely many ends
such that H2(G,ℓ2(G)) is reduced. Then the projection p1(G) exists inMkn (C
∗
r (G))
and
[p1], 0 in K0(C
∗
r (G)).
1.5.2 Kähler groups
As shown in [11], [14, Remark 2], see also [20, Theorem 2.68] or [21, Section
8], the property that the Laplacian has a spectral gap in the analytic setting
(i.e. L2-cohomology defined in terms differential forms) is equivalent to the
existence of the spectral gap in the combinatorial setting. This is most often
phrased in terms of Novikov-Shubin invariants associated to spectral density
functions: spectral gap is equivalent to the Novikov-Shubin invariant being
infinite, which is the same as the property that the spectral density function
is constant in the neighborhood of 0. Then it is shown that the combinato-
rial and analytic spectral density functions are dilation equivalent, and in
particular, equal in a neighborhood of 0.
Consider now a closed Kähler hyperbolic manifold M and denote G =
π1(M). As shown by Gromov [13], see also [20, Section 11.2.3], the Lapla-
cian acting on L2-differential forms on the universal cover M˜ has a spectral
gap in every dimension. Gromov also showed that the ℓ2-cohomology of M
vanishes except for the middle dimension.
Consequently, ifG is a fundamental group of such a Kähler manifold then
the assumptions of Proposition 7 are satisfied and the projection pn exists in
Mkn (C
∗
r (G)) in every dimension.
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Moreover, the Euler class
Ξ(G)=
∑
i≥0
(−1)i[p i] ∈K0(C
∗
r (G))
exist and its trace is the ℓ2-Euler characteristic of G.
1.5.3 Lattices in PGLn+1(Qp)
As shown in [4, Proposition 19], given n ≥ 2, a sufficiently large prime p and
a lattice Γ ⊆ PGLn+1(Qp) we have that H
n(Γ,π) is reduced for every unitary
representation π. This fact is equivalent to π(∆−n ) having a spectral gap for
every unitary representation π of Γ and it is easy to check that such a spectral
gap must be then uniform; i.e., ∆+n has a spectral gap in Mk(C
∗
max(Γ)).
At the same time there exists a finite index subgroup Γ′ ⊆ Γ such that
Hn(Γ′,C)≃Hn(Γ,ℓ2(Γ/Γ
′)), 0. As a consequence we obtain the following.
Proposition 13. Let Γ⊆PGLn+1(Qp) be a lattice. Then the partial Kazhdan
projection p+n exists in Mk(C
∗
max(Γ)) and is non-zero.
2 The coarse Baum-Connes conjecture
Wewill now prove ourmain results and describe the K -theory classes induced
by the higher Kazhdan projections in Roe algebras and their applications to
the coarse Baum-Connes conjecture of a box space of a residually finite group.
The arguments we will use were introduced in [15,16] and developed further
in [28].
2.1 Roe algebras, box spaces and Laplacians
2.1.1 Roe algebras
The Roe algebra C∗(X ) of a discrete, bounded geometry metric space X is the
completion in B(ℓ2(X ;H0)) of the ∗-algebra C[X ] of finite propagation opera-
tors, which are locally compact; i.e. for a discrete space the matrix coefficients
are compact operators Tx,y ∈K (H0) on a fixed, infinite-dimensional Hilbert
space H0.
IfG acts on X then the equivariant Roe algebra is defined to be the closure
of the subalgebra C[X ]G ⊆ C[X ] of equivariant finite propagation operators,
i.e. satisfying Tx,y = Tgx,gy for any g ∈G and x, y∈ X .
The uniform Roe algebra C∗u(X ) of X is the completion in B(ℓ2(X )) of the
∗-algebra Cu[X ] of finite propagation operators. The equivariant uniform Roe
13
algebra C∗u(X )
G is defined as before by considering G-invariant operators in
Cu[X ] and taking the closure inside C
∗
u(X ).
See Definitions 3.2 and 3.6 in [28] for a detailed description of the Roe
algebra and the equivariant Roe algebra.
2.1.2 Laplacians on box spaces
Consider a finitely generated residually finite groupG. Let {Ni} be a family of
finite index normal subgroups of G satisfying
⋂
Ni = {e}. Consider the space
Y =
∐
G/Ni,
viewed as a box space with d(G/Ni,G/N j)≥ 2
i+ j.
Let λi be the quasi-regular representation of G on ℓ2 (G/Ni) given by
pulling back the regular representation of G/Ni on ℓ2(G/Ni) to G via the
quotient map G→G/Ni and denote by N the family of representations
N = {λ,λ1,λ2, . . .}.
The standing assumption in this section will be that the cohomological n-
Laplacian ∆n has a spectral gap inMk(C
∗
N
(G)). The cohomological Laplacian
element ∆n ∈Mk(CG) in degree n maps to λi(∆n) in Mk(λi(C
∗
N
(G))) and we
will denote
∆
i
n =λi(∆n).
Define the Laplace element of the box space to be
Dn =⊕i ∆
i
n ∈
⊕
Mk(Cu[G/Ni])⊆Mn(Cu[Y ]).
Note that Dn has a spectral gap in C
∗(Y ) if and only if all the ∆in have a
spectral gap in C∗
N
(G).
2.2 The lifting map
From now on we will assume the groupG satisfies the operator norm localiza-
tion property. As shown by Sako [25] the operator norm localization property
is equivalent to exactness for bounded geometry metric spaces, in particular
for finitely generated groups, so the assumptions of Theorem 2 guarantee this
property for G.
Note that we will only be using a special case of the setup described in
[28], as our box space consists of a family of finite quotients of a single group
G, which naturally serves as a covering space for all of the finite quotients.
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This setting is the same as the one in [15], however we do follow the detailed
version of the arguments as in [28].
Willett and Yu in [28, Lemma 3.8] define a liftingmap, a ∗-homomorphism
φ :C[Y ]→
∏
iC[G]
Ni⊕
iC[G]
Ni
,
into the algebra of sequences of elements of the Ni-invariant subspaces of
C[G] modulo the relation of being equal at all but finitely many entries.
We have
Mk
( ∏
iC[G]
Ni⊕
iC[G]
Ni
)
=
∏
iMk
(
C[G]Ni
)⊕
iMk
(
C[G]Ni
)
and for every k ∈N the map φ induces a ∗-homomorphism
φ(k) :Mk(C[Y ])→Mk
(∏
C[G]Ni⊕
C[G]Ni
)
,
by applying φ entrywise.
We recall that in [28, Lemma 3.12] it was shown that ifG has the operator
norm localization property then the map φ extends to a map
φ :C∗(Y )→
∏
iC
∗(G)Ni⊕
iC
∗(G)Ni
,
and similarly induces the corresponding map φ(n) on the k× k matrices over
these algebras. Here,
∏
iC
∗(G)Ni⊕
iC
∗(G)Ni
is the algebra of sequences of elements of
C∗(G)Ni modulo the relation of being asymptotically equal.
The same formula as the one for φ in [28, Lemma 3.8] gives a uniform
version of the lifting map,
φu :Cu[Y ]→
∏
iCu[G]
Ni⊕
iCu[G]
Ni
,
which is in the same way a ∗-homomorphism.
If G has the operator norm localization property (see e.g. [8, 25]) then it
also has the uniform version of that property, as proved by Sako [25]. This
implies that φu extends to a ∗-homomorphism
φu :C
∗
u(Y )→
∏
iC
∗
u(G)
Ni⊕
iC
∗
u(G)
Ni
.
See 13.3.11 and 13.3.12 in [29] for the detailed arguments, which apply ver-
batim here. Similarly, φ(n)u in both cases induces a map on matrices over the
respective algebras.
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2.3 Surjectivity of the coarse Baum-Connes assembly map
We will now focus on the lift of the Laplacian Dn. In order to do this we will
use an argument based on Lemma 5.6 in [28].
Lemma 14. Let G be an exact group and assume that ∆n has a spectral gap
in C∗
N
(G). Denote by
Pn =
⊕
λi(pn) ∈Mk(C
∗
u(Y ))
the spectral projection associated to Dn ∈Mk(C
∗
u(Y )). Then
φ(k)u (Pn)=
∞∏
i=1
λ(pn),
where λ(pn) is the projection onto the harmonic n-cochains in the ℓ2-cohomology
of G.
Proof. The projection Pn is the spectral projection of Dn. The Laplacian ele-
ment Dn defined above lifts to an element
φ(k)u (Dn) ∈Mk
(∏∞
i=1
Cu[G]
Ni⊕∞
i=1
Cu[G]
Ni
)
,
whose spectrum is contained in {0}∪ [ǫ,∞) for some ε > 0. Indeed, since the
same is true for Dn ∈C
∗
u(Y ), by assumption, and spectral gaps are preserved
by homomorphisms of unital C∗-algebras.
It is easy to see that from the definition of φ in the proof of [28, Lemma
3.8] that the lift of Dn is represented by the constant sequence
φ(k)u (Dn)=
∞∏
i=1
∆n,
in the algebra ∏∞
i=1
Mk(CG)⊕∞
i=1
Mk(CG)
⊆Mk
(∏∞
i=1
Cu[G]
Ni⊕∞
i=1
Cu[G]Ni
)
.
Indeed, this follows from the fact that the size of the support of ∆in and the
formula for the lift φ(u) are both independent of the particular quotient G/Ni
for i sufficiently large.
Consider now the spectral projection P˜n associated to φ
(k)
u (Dn). Then
P˜n = lim
t→∞
e−tφ
(k)
u (Dn) = lim
t→∞
φ(k)u
(
e−tDn
)
=φ(k)u (Pn).
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Thus the associated spectral projection is of the form
∏∞
i=1
λ(pn), where
λ(pn)∈Mk(C
∗
r (G))
is the projection onto the harmonic n-cochains in the ℓ2-cochains of G, as
claimed. 
We now define the higher Kazhdan projection of the box space Y to be
Pn⊗ q ∈Mn(C
∗(Y )), where q is any rank one projection on H0. We consider
the associated K -theory class [Pn⊗ q] ∈ K0(C
∗(Y )). We will show that under
certain conditions this class is non-zero and does not lie in the image of the
coarse Baum-Connes conjecture for Y .
The first thing to notice is that the lift of the projection Pn ⊗ q can be
described explicitly as an element of C∗(G)G .
Lemma 15. Let q ∈K (H0). Then
φ(Pn⊗ q)=φu(Pn)⊗ q.
Proof. Let αi be a sequence of finite propagation operators such that Pn =
limiαi. Then
φ(αi⊗ q)=φu(αi)⊗ q,
by the definition of φ ([28, Lemma 3.8]). Passing to the limit and using conti-
nuity of φ we obtain the claim. 
Following [15,28] define the map d∗ :K0(C
∗(Y ))→
∏
Z⊕
Z
by taking themap
d :C∗(Y )→
∏
K (ℓ2(G/Ni;H0))⊕
K (ℓ2(G/Ni;H0))
,
defined by
A 7→
∞∏
i=1
Q iAQ i,
where Q i : ℓ2(Y )→ ℓ2(G/Ni) is the projection on the i-th box G/Ni, and con-
sidering the induced map on K -theory
d∗ :K0(C
∗(Y ))→K0
( ∏
K (ℓ2(G/Ni;H0))⊕
K (ℓ2(G/Ni;H0))
)
≃
∏
Z⊕
Z
.
The above map d∗ can recognize when our K -theory class is non-zero. The
map d∗ applied to the projection Pn gives the sequence of dimensions of im-
ages of λi(pn).
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On the other hand, consider the trace τi on C
∗(G)Ni ≃C∗r (Ni)⊗K by con-
sidering the tensor product of the standard trace on C∗r (Ni) with the canonical
trace on K . These τi induce the map
T :K0
( ∏
iC
∗(G)Ni⊕
iC
∗(G)Ni
)
→
∏
R⊕
R
.
The following diagram was analyzed in [28].
K0
( ∏
iC
∗(G)Ni⊕
iC
∗(G)Ni
)
KX0(Y )
∏
R⊕
R
K0(C
∗(Y ))
Tµ˜c
µc
φ∗
d∗
The next lemma was formulated in [28] for projections in C∗(X ), however
the proof applies equally to projections in Mn(C
∗(X )).
Lemma 16 (lemma 6.5 in [28]). If p is a projection in Mn(C
∗(Y )) such that
the class [p] ∈ K0(C
∗(Y )) is in the image of the coarse assembly map µ0 :
KX0(Y )→K0(C
∗(Y )), then
d∗([p])= T(φ∗([p])) in
∏
R⊕
R
.
The next lemma allows to show that when it is non-compact, the projec-
tion Pn gives rise to a non-zero K -theory class in K0(C
∗(Y )).
Lemma 17. Assume that Hn(G,ℓ2(G/Ni)), 0 for infinitely many i ∈N. Then
d∗[Pn], 0.
Proof. We have
d∗(Pn)=
∞∏
i=1
dimλi(pn)=
∞∏
i=1
dimHn(G;λi).
Indeed, since
Mn(C
∗(Y ))=C∗(Zn×Y ),
the map
d(n) :Mn(C
∗(X ))→
∏
Mn(K (ℓ2(G/Ni;H0)))⊕
Mn(K (ℓ2(G/Ni;H0)))
.
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can be rewritten as
d :C∗(X ×Zn)→
∏
K (ℓ2(G/Ni×Zn;H0))⊕
K (ℓ2(G/Ni×Zn;H0))
.
By the assumption on cohomology of G with coefficients in λi, the projection
p is non-compact in C∗(Y ×Zn) and as shown in the proof of Theorem 6.1 on
page 1407 in [28], we have d∗[p], 0. 
The next lemma shows that the trace of the lift is naturally related to
ℓ2-Betti numbers.
Lemma 18. T(φ∗([Pn]))=
∏∞
i=1
[G :Ni]β
n
(2)
(G)=
∏∞
i=1
βn
(2)
(Ni).
Proof. For a finite index subgroup N ⊆G the trace τN on C
∗(G)N is defined as
the tensor product of the canonical trace trN on C
∗
r (N) with the the canonical
(unbounded trace) Tr on the compact operators, via the isomorphism
ψN :C
∗(G)N −−−−−→≃ C
∗
r (N)⊗K .
The isomorphism ψN is defined by considering a fundamental domain D ⊂G
for N ⊆G and for A ∈C∗(G)N identifying
A 7→
∑
g∈N
ug⊗A
(g),
where A(g) ∈K (ℓ2(D,H0)) is defined by the formula
A
(g)
x,y = Ax,gy,
for x, y∈D.
With this identification we observe that for an element A ∈C∗(G)G of the
form A =α⊗ q, where α∈C∗r (G) and q is a rank 1 projection on H0, we have
τN (A)= τN
( ∑
g∈N
ug⊗A
(g)
)
=
∑
g∈N
tr(ug)Tr(A
(g))
=Tr(A(e))
In our case A(e) is a D×D matrix defined by restricting A to D. Therefore
Tr(A(e))=
∑
x∈D
α(e)x,x ·rank(q)= [G :N]α
(e)
e,e .
19
The same relation passes to traces of matrices over the respectiveC∗-algebras.
In the case of the projection Pn these formulas yield
τN (Pn)= [G :N]β
n
(2)(G),
as claimed. 
Before we summarize this discussion we will observe one more fact that
will allow to relate our results to Lück’s approximation theorem. Recall that
the Betti number of a group G is the number βn(G)= dimCH
n(G,C).
Lemma 19. For a finite index subgroup N ⊆G we have
dimCH
n(G,ℓ2(G/N))=β
n(N).
Proof. Since N is of finite index in G we have
CoIndGNC= Ind
G
NC= ℓ2(G/N),
see e.g. [6, Proposition 5.9]. Applying Shapiro’s lemma [6, Proposition 6.2]
we obtain
Hn(G,ℓ2(G/N))≃H
n(G,CoIndGN C)≃H
n(N,C).

We are now in the position to formulate the main theorem of this section.
Theorem 2. Let G be an exact group of type Fn+1. Assume that∆n ∈Mk(C
∗
N
(G))
has a spectral gap and that the the coarse Baum-Connes assemblymap KX0(Y )→
K0(C
∗(Y )) for the box space Y =
∐
G/Ni of G is surjective. Then∣∣∣βn(2)(Ni)−βn(Ni)∣∣∣→ 0.
Proof. The claim follows from the explicit computation of the values of both
traces in lemma 18 and lemma 19. 
Note that the theorem provides a statement on the speed of convergence
in Lück’s approximation theorem [18]. Indeed, we have
[G :Ni]
∣∣∣∣βn(2)(G)− βn(Ni)[G :Ni]
∣∣∣∣→ 0,
which shows that the convergence to the ℓ2-Betti number in Lück’s approx-
imation theorem is faster than [G : Ni]
−1. Compare this with [22, Theorem
5.1], where examples with slow speed of convergence have been constructed.
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The speed of convergence of Betti numbers of finite quotients to the ℓ2-Betti
number of a residually finite group was also studied in [7], however the tech-
niques used there are different. In our case both the assumptions and the
conclusions are stronger.
The form of convergence in the above theorem also allows to draw stronger
conclusions when some additional information is available. Since the dimen-
sions of the cohomology groups Hn(G,ℓ2(G/Ni)) are integer we immediately
obtain
Corollary 20. Under the assumptions of the above theorem, if βn
(2)
(G)= 0 then
Hn(G,ℓ2(G/Ni))= 0 for all but finitely many i ∈N.
3 Final remarks
Question 21. Is there a spectral gap characterization of the existence of higher
Kazhdan projections in C∗
N
(G)?
As mentioned earlier, Kazhdan’s property (T) for G is characterized by
either the vanishing of first cohomology of G with every unitary coefficients,
or equivalently, by the fact that the first cohomology of G with any unitary
coefficients is always reduced. Related higher-dimensional generalizations of
property (T) were discussed in [3], see also [9]. As pointed out in [4], the
generalizations of these two conditions to higher degrees are not equivalent.
The existence of higher Kazhdan projections is related to the property that
cohomology is reduced and to the existence of gaps in the spectrum of the
Laplacian rather than to vanishing of cohomology. Indeed, in our reasoning
it is crucial that cohomology does not vanish. It would be interesting to de-
termine if the existence of higher Kazhdan projections can be viewed as a
higher-dimensional rigidity property.
Remark 22 (Higher Kazhdan projections and K -amenability). Clearly, if for
a particularG we have at the same time that βn
(2)
(G)= 0 and π(∆n) has a non-
trivial kernel and a spectral gap for some π,λ, then G cannot be amenable.
Consider the map
K∗(C
∗
max(G))→K∗(C
∗
r (G)).
If [pn], 0 in the former, but [p
r
n]= 0 in the latter then the map above cannot
be an isomorphism. In other words, if βn
(2)
(G)= 0 and we could ensure condi-
tion that the class of [pn] is not 0, then the groupG would not be K -amenable,
as this last condition forces the above map in K -theory to be an isomorphism.
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Remark 23 (Ghost projections). We can extend the notion of a ghost operator
to matrix algebras over the Roe algebra by defining an element T ∈Mn(C
∗(Y ))
to be a ghost if Ti, j ∈ C
∗(Y ) is a ghost for every 1≤ i, j ≤ n. It can be shown
that the kernel of the lifting map φ consists precisely of ghost operators. This
observation provides a new cohomological tool to construct ghost projections.
The problem of constructing new examples of ghost projection was posed by
Willet and Yu [28].
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